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INVOLUTIONS FIXING RP°9 () P(h,i), II

ZHI LU

ABSTRACT. This paper studies the equivariant cobordism classification of all
involutions fixing a disjoint union of an odd-dimensional real projective space
RPJ with its normal bundle nonbounding and a Dold manifold P(h,i) with h
a positive even and i > 0. The complete analysis of the equivariant cobordism
classes of such involutions is given except that the upper and lower bounds
on the codimension of P(h,i) may not be best possible. In particular, we find
that there exist such involutions with nonstandard normal bundle to P(h,1).
Together with the results of part I of this title (Trans. Amer. Math. Soc.
354 (2002), 4539-4570), the argument for involutions fixing RP°dd LI P(h, 1) is
finished.

1. INTRODUCTION

In [Gul|, [LL] and [Li], Guo, Liu and Lii studied the equivariant cobordism
classification of all involutions fixing a disjoint union of an odd-dimensional real
projective space RPY with its normal bundle nonbounding and a Dold manifold
P(h,i) = 8" x CP"/(z,2) ~ (—x,%) with h > 0 and i > 0, respectively. In [Lii],
when h is odd, such involutions are classified completely in some sense; when h is
even, classifying such involutions can be reduced to the problem for even projective
spaces. The objective of this paper is to study the case in which h is even.

Suppose (M™,T) is a closed manifold with involution fixing a disjoint union of
RP’ with normal bundle #”~7 nonbounding and P(h, ) with normal bundle v*, so
m =h+2i+k. If j is odd and h is even, following [Lii], one has k > 0, and one
can write

w(r™ ) = (1 + a)? with ¢ odd
where H*(RP?; Zy) = Zs[a]/(a/t! = 0) and a € H'(RP?; Z,) is a generator, and
W) = (1+ (1L + e+ d)Pulp)
where H*(P(h,i);Z2) = Za[c,d]/ ("t = d"t1 = 0), c € HY(P(h,i);Zs) and d €
H?(P(h,i);Zsy) are generators, ¢ = 0 or 1, and w(p) = 14 terms of dimension at
least 4 is an exotic class (¢ = 0 except for h = 2,4, or 6; see also [St1]). From [Lil
Proposition 1.2], one knows the following fact.

Fact. If there is an involution (M™,T) fizing RP/ LI P(h,i) with j odd and h
even and with the fized component RIP? with its normal bundle nonbounding, then
m=j+gq.
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Based upon this fact, consider the involution T}, on RP’*4 defined by

Tq([xo, vy Ly T4y - ,.1?j+q]) = [J,‘Q, cee s Lgy LGl ey _xj+q]7

fixing RP? with normal bundle v? = g having w(r?) = (1 + a)? and RP?"! with
normal bundle 7! = (j + 1) having w(¥/!) = (1 + a)?*!, where ¢ denotes the
real line bundle. If j is odd and h is even, forming the union

(Mma T) U (RPj+q7T(I)7

then one obtains an involution (M7+4,T) fixing RP?™! with w(v/t!) = (1 4+ )/t
and P(h,i) with normal bundle v*. This means that the existence of (M™, T') fixing
RP? U P(h,i) with j odd and h even depends upon the existence of (M7+4, T) fixing
RP! ! with w(17*!) = (14a)’*! and P(h, i) with normal bundle v*. In [Lii], there
is an example in which (M™,T) fixing RP? U P(h, i) with j odd and h even exists
in a very special case. In this paper we will complete the analysis of the cobordism
classes of all possible involutions fixing RP? L P(h,i) with j odd and h even.
According to [CE], RP(v*), RP(v?) and RP(v/*1) are cobordant to each other in
BZ5. Form the class
w(RP(v))

wlr] = A g eymhzir

where e is the characteristic class of the double cover of RP(v) by the sphere bundle
of v, so that each w[r], is a polynomial in w,(RP(»)) and e. Then one has

(1.1)
A+)"Ql+c+d) {1 +e)"+(a+bec(l+e) 4.} on P(h,1),
wlr] =< A+ Q)T {(1 + )24 =7 4 ga(l + e)ht2itr—i—1 4 ...} on RP,
1+ ) {(1 1 e)ht2itr—atl (j-gl)az(l T e)htRitra—l 4. } on RP4—1.

One will use the characteristic numbers on RP(v) formed by wir], to eliminate
those cases in which involutions do not exist.

From [Lii] one knows that for the case in which h is odd, the exotic class never
occurs in w(v*). However, for the case in which h is even, one will see that the
exotic class can occur in w(v¥). Also, Stong [St2] recently finished the argument
for involutions fixing a disjoint union of a point and a Dold manifold. This will
help us complete the argument for the case ¢ = 1. Hence, this paper mainly deals
with the case ¢ > 1.

The main results will be stated in Section 2, and the proofs will be finished in
Sections 3.

Throughout this paper, the coefficient group is Zs; w denotes the total Stiefel-
Whitney class and w, denotes the s-th Stiefel-Whitney class. One says that v* is
standard if the exotic class cannot occur in w(v*); otherwise, v* is nonstandard.
Also, one uses the convention that

(1) his even and j is odd.

2m=j+qg=h+2i+k.

2. MAIN RESULTS

From Section 1, one needs to consider the existence of (Mi+4,T) fixing RP?™*
with w(171) = (14 a)/™! and P(h,i) with normal bundle v*.
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Recently, Stong [St2] gave the complete analysis of equivariant cobordism classes
of involutions fixing a disjoint union of a point and a Dold manifold, so that the
case ¢ = 1 can be settled. If ¢ = 1, by Stong’s work one has that

(1) If v* is standard, then (MJ*!,T) fixing RP’ U P(h,i) exists only for
(j+1,h,d,k) = (2571,25 = 2,1,2°) with s > 1 and w(v?") = (1 +¢)?> ~"'(1 +c+d),
and is cobordant to the involution (RP?, T}) x - - - x (RP? T}) where T [z, ©1, 2] =

9
[fEO, T1, _x2]~
(2) If v* is nonstandard, then all cases in which (M7+1 T) exists are
(i) (j +1,h,i,k) = (251,25 — 2,1, 2°%) with s = 2,3 and the normal bundle v
is cobordant to the bundle with 1+ ¢2"~2d as its total characteristic class; further,
(M2 T) is cobordant to (RP?,Ty) x - -- x (RP? Ty).

24
(i) (j + 1,h,i, k) = (20+2,2,2t — 1,2t+1) with ¢ > 1 and > is cobordant
to the bundle with 1 + fi‘fl as the total class; further (M2t+2,T) is cobordant to
(RP?,T}) x --- x (RP?,T7).
gt+1
(iii) (j + 1,h,i,k) = (16,4,2,8) and w(¥®) = (1 + ¢)*(1 + ¢ + d)3(1 + c*d?);
further, (M16,T) is cobordant to

(RP? x --- x RP%, T} x - x T)#(P(4,2) x P(4,2), twist),
8 8

where # denotes the equivariant connected sum along a fixed point set. And there
may be involutions for (j + 1,h,i) = (8 + k,4,2) with & = 6,7 and w(¥*) =
(1+e)*(1+c+d)3(1 + c*d?), but cobordism methods cannot settle this as pointed
out by Stong [St2].

Notice that when (h,) = (4,2), the Euler characteristic x(P(4,2)) =1 and so

X(Mj+1=8+k) — X(Rpj) +x(P(4,2)) =1

and k£ must be even.
Thus one has

Theorem 2.1. Suppose (M7t T) fizes RP? with normal bundle v* having w(v')
= 1+« and P(h,i) with normal bundle v*. Then (M’ T) exists only when
(41, h, i, k) and w(v*) are chosen as the four cases stated as above. More precisely,

(1) When (j + 1,h,i k) = (2°F1,25 —2/1,2%) with s > 1 and w(¥?) =
1+ LA +c+d), (M2 T) is cobordant to the involution (RP? x - -- x RP?,

25‘
Ty x - x T) U (RPY Ty).
—_——
25

(2) When (5 + 1,h,i,k) = (271,25 — 2.1,2%) with s = 2,3 and the normal
bundle v*" is cobordant to the bundle with 1 + ¢* ~2d as its total characteristic
class, (MQSH,T) is cobordant to (RP? x --- x RP? T} x --- x T}) U (RPQSH,Tl),

2s 2s
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(3) When (j+1,h,i, k) = (2172,2,28 — 1,281 with t > 1 and 12" s cobordant

to the bundle with 1 + % as the total class, (M2t+2,T) 1s cobordant to
(RP? x - - x RP2, Ty x -+ x Ty) U (RP*" ", Ty).
2t+1 2t+1

(4) When (j+1,h,i,k) = (16,4,2,8) and w(v®) = (1+c)* (1 +c+d)3(1 +c*d?),

(M6, T is cobordant to
(RP? x --- x RP?, Ty x --- x T))#(P(4,2) x P(4,2), twist) LI (RP'°, T7)
8 8

and there may be an involution for (j + 1,h,i,k) = (14,4,2,6) and w(¥®) =
(1+e)*(1+c+d)3(1+ td?).

For the case ¢ > 1, one will see that there are also involutions with v* nonstan-
dard. If v* is standard with ¢ > 1, the following examples will help us finish the
argument.

Now let us construct some involutions fixing RP" LI P(h, ) with h even. On page
3 of the paper [Lii], replace j by h to obtain the desired involutions.

First, write ¢« = 2%(2v + 1) and let

241 ifu=1,
ko = .
2 if w#1.

By the work of Perhger and Stong [PS|, there is an involution (N T}) with
1 <[ < ko having fixed point set % U RP?, with the normal bundle of RP’ in Ni+!
being ¢ ® (I — 1)R, with ¢ the nontrivial line bundle, where * denotes a point. This
is constructed by applying the operation I' [ — 1 times to the involution (RIP’”l, 1)
defined by
Tl([l'o,xl, . ,$i+1]) = [—(Eo,xl, . ,:CiJrl],
which fixes RPY URP* with the normal bundle ¢ on RP?, and cobording away various
bounding fixed components (see [Ro]).
Then one may obtain the involution T+ on
St x Nitl x Nitt
—1 x twist

P(h, NiJrl) _

induced by 1 x T; x T}, whose fixed data are RP" with normal bundle »2+2! =
(i + 1Dt @ (i + )R having w(r?*+2) = (1 + a)**! and P(h,i) with normal bundle
V2 = n@(1-1)é@(1—1)R, where € induced by ¢ is a 1-plane bundle over P(h, ), and
7 is a 2-plane bundle over P(h,4). From [Do| and [Uc|, one knows that w(§) = 1+c¢
and w(n) =14+ c+dsow@?)=1+c)" 11 +c+d).

In a similar way to [Lii], one may conclude that for 1 < [ < ko, P(h, N**!)
bounds, and for | = kg, P(h, N***0) does not bound. Also, by applying the oper-
ation I' and its inverse operation I'"! to (P(h, N*+t!), Tyi11), one may obtain more
involutions, each of which has the same fixed information as (P(h, N“*), Tnitt).

Proposition 2.2. For 1 <1 < ky with i + 1 even, there exist integers X1 and Xa
with X1 < Xo such that T2 (P(h, N"*Y), Tyiw1) has the same fized information
as (P(h, N**tY), Triwi) for x € [X1, Xa], but not for x & [X1, Xa], where X1 =1+ 1
ifl—1<hand2< X1 <h+2ifl—1>h, and X5 < 2kg.
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Proof. 1f I — 1 < h, then the normal bundle to the fixed point set of (P(h, N*t!),
Txit1) has only | — 1 sections, and w;11(v?) = ¢!~'d # 0. Hence, one may ap-
ply the inverse operation I'"! at most [ — 1 times to (P(h, N**!), Tyit1), so that
DHD=24(P(h, N**!), Tyi+1) has the same fixed information as (P(h, N**), Tit1),
and thus X7 =1+ 1.

If | —1 > h, since stability says every vector bundle over RP" is realizable by an
h-plane bundle, one has that (I—1)¢ induced from a bundle (I—1)¢ over RP" can be
realized by an h-plane bundle over P(h,%). Thus, there is an integer X; < h+2 such
that the normal bundle to the fixed point set of (P(h, N“*!), Tyyi11) has just 21 — X3
sections, and wy, (¥*) # 0. Furthermore, one can only apply the inverse operation
I'~! at most 21 — X; times to (P(h, N**!), Tyi11) such that the resulting involution
I X1=20(P(h, N*+!), Tyi1) has the same fixed information as (P(h, N*+t!), Tyit1).

According to the property of the operation I', one can always apply the operation
T to (P(h, N**t), Tyit1); in particular, there must exist an integer Xo such that

FX2_2l (P(ha Ni+l)7 TNH’")
has the same fixed information as (P(h, N**!), Tyi11), so for € [ X1, Xa],
P21 (P(h, N, Tyinn)

has the same fixed information as (P(h, N“*!), Tyii). Consider T*=2(P(h, N**t1),
Tyi+t) with o € [X1, Xo]; since ¢ + 1 is odd and h is even, by direct computation,

one has
¢ on P(h,i),
0 P—
wlol: {a on RP".

Dualizing w[0]® : Mpy2i4s(BZ2) — Maira(BZy), one obtains an involution

(D?*+* E) fixing a point and a complex projective space CP’ with 1 + d as its
total class of normal bundle, so 2 < z < 2kq follows from the arguments in [Rol
and [PS]. O

Now let us state the result for the case ¢ > 1.

Theorem 2.3. Suppose (M1, T) fizes RPY with normal bundle v9 having w(v?) =
(1 + «)? with odd ¢ > 1 and P(h,i) with normal bundle v* having w(v*) =
(14 ¢)%(1 + c+d)’w(p)®. Let 24 < h < 24%L and write i = 2“(2v + 1). Then

(1) g=h+1and j+1=2i+k so k is even.

(2) i+ a is odd.

(3) b=1 and a < 2*.

(4)j+1=i+a+1 mod 2t andi+k=a+1 mod 24*L. In particular,

(a) foru< A, k=2%+a+1 and 2" (v +1) =0 mod 24+1;

(b) foru> A, k=a+1 mod 24+,

(5) (M7+4,T) with nonstandard v* exists only for (h,u,k,a) = (2,1,4,1) and
wvt) = (1+ )1 +c+d)(1+ 59).

(6) (M7*9,T) with standard v* exists for k in a range X1 < k < Xo, and is
cobordant to

Fk—Qa—Q(]D(h7 ]\[H‘a"'l)7 TNH“+1) (] (Rpj+h+1; Th+1)

where 2 < X1, Xo < 2kg and more precisely
(a) foru <A, Xy =a+2and Xo <2%+a+1;
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(b) foru > A, 2 < X1 <h+2 and Xo < 2% — (h — common (h,a)) where
common (h,a) is the common part of the 2-adic expansions of h and a.

Observation. The upper bound of X5 stated in Theorem 2.3 is attainable in some
special cases. For example, take a = 2% —1; if u < A, then Xo = 2¥t! and if u > A,
then common (h,a) = h so Xy = 2“1, Proposition 2.2 shows that [ can take the
value 2%, so there exists an involution (P(h, N“*2"), Tyyi+2v) which has dimension
h + 2i 4+ 241 and fixes RP" with w(@2+2"") = (1 + )"*2" and P(h,i) with
w(?) = (14 ¢)*" (1 + ¢ +d), and thus (MIT"+1 T fixing RP? LI P(h, 1) exists
when @ = 2% — 1 and k = 2¥ + a 4+ 1 and v/* is standard. For the general case, the
proof that the upper bound of X5 stated as above is attainable seems to be quite
difficult. Also, one merely shows that there exists (M7*9, T) with nonstandard v*

only for (h,u,k,a) = (2,1,4,1) and w(v*) = (1 +¢)(1 +c+d)(1 + %) Since the
normal bundle v* is nonstandard, one does not know how to construct an explicit
example of such an involution.

3. THE PROOF OF THEOREM 2.3

This section is devoted to proving Theorem 2.3. Following the notations of
Sections 1 and 2, one always assumes in this section that ¢ > 1.

Let 24 < h < 24%! and 28 < i < 2B+1. Then one may assume that a < 241
and b < 2841 since a (resp. b) is only determined modulo 24%! (resp. 2B+1). Let
C =max{A+1,B+1}.

Lemma 3.1. If ¢ > 1, then
I)h=gq—1and j+1=2i+k;
(2)b=1;

(3) i+ a is odd;
(4) fori=2"(2v+1), one has

utl 12 ifu=1
2<k< ’
- - {2““ if u#1.

Proof. From (1.1) one has
i+1+a+b)c on P(h,i),
wio, ¢ e on P(h,i)
e+a on RIP.
Thus one may form the characteristic number for
w[0]7 e 1) = (e 4 @)1 1ed

-1
(+a)?~7 ﬁ and that

whose value on RP(v?) is equal to the coefficient of o/ in OFay = 1

coefficient is nonzero. On RP(v*)
w[0)4 eI — (5 4 1 4 a4 )t e
and the value of this on RP(v*) must be nonzero. Thus
(3.1) h>q—1
and ¢ +1+a+bis odd so

wlo]; = c on P(h,1),
b e+a onRP.



INVOLUTIONS FIXING RP°I U P(h, i), II 1297

Now one begins with the proof of (1). If w(v*) is standard, then one can write
wk) = (14 )1+ c+d)°.

Furthermore, one has

0 # wlolf ¢ RROA) = ——[RP]
a1
= w[0]{ e/ [RP(VF)] = (1+c)a(1+c+d)b[P(h’i)]
_ (1017_0)(1(1 +et d) VP (h,d)
2¢ —p I 1d .
= < ; )W[P(h,l)]
SO (QC[b) =1 mod 2. Further, one has that
wl0]fe™ RPN = e RP(V))
Ch .
= Trorrerap? il
Ch .
= m[P(haZ)]

7

_ <2€ - b) S (P(h, )]
1

SO
(14 a)h
L+ a)
must be nonzero. Since h — ¢ <m —q= (j+¢) — ¢ = j, one must have h — ¢ < 0
so h < ¢—1. By (3.1), one concludes that h = ¢ — 1.

If w(v*) is nonstandard, then h must be 2, 4 or 6 since h is even.

When h = 2, since ¢ > 1is odd and h > g—1, one has that ¢ = 3,i.e., h=¢q¢—1.

When h = 4, one has the exotic class

[0 e M RB(W)] = (e + a)te™ ! MRP(1)] = [RP7]

ctd?
(14 d)?
by [Stl] and from h =4 > ¢ — 1, the possible values for odd ¢ > 1 are only 3 or 5.

If ¢ = 3, the value of w[0]3¢™~3 on RP(v7) is nonzero, so the value of this on
RP(v*) must be nonzero, and thus

w(p) =1+

2

c .
0 # (1+0)*(1+c+d)P(1+ £%) [P(4,1)]
2 Ad2

- (1+C)“(1+<:+cl)b{hL T+ P

(32

T (A+o (l+crap [P(h,i)] (since ¢® = 0)

20 _p 2dt .
B < i >W[P<4,m
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c _
(2 ) b)zl mod 2.
)

SO

Now one has that

4 _m—5 k _ ct i
wlolie™ RGN = ey P
- aj—d)b[Pwn

7
_1<2C )

1+ a)*
(1+a)?
sincej=m—-qgq=m—3=1+m—h=142i+k > 1. This is a contradiction.
Thus one has that when h = 4, then ¢ must be 5, i.e., h =¢q— 1.

When h = 6, one has the exotic class

wip) = 1+ cSd L ctd?
(1+d)*  (1+d)?
by [St1] and from the fact h > g — 1, the possible values for odd ¢ > 1 are 3, 5 or 7.

If ¢ = 5, dualizing w[0]? may reduce this case to the case h = 4 with ¢ = 3,
which does not exist as above, so one obtains that ¢ = 5 is impossible.

If ¢ = 3, up to cobordism, one may take v™ 7/ = qu, where ¢ is the nontrivial
line bundle over RP?. Dualizing w[0]2, RP(3t) becomes RP((3 — 2)¢) = RP(+) and
RP(v*) becomes RP(v*|p(44)). Thus one has that if (M™,T) fixing RP/ with
w(@™ ) = (1 + )73 and P(6,4) with

but

wl0)ie™ P[RE(v1)] = SIRP] = (14 )[RP] = 0

Gd 4d2
(ETI e

exists, then there is an involution (M™%, T) fixing RP’ with w(v™772) =1+ «
and P(4,i) with normal bundle v*|p(4 ;) having

w) = (1 +)*(1+c+d)°{1+

4d2
(1+d)?

since ¢® = 0 in this case. Note that m —2=j+3 —2=j + 1.
As in Section 1, consider the involution

(M7 T) = (M™%, T) U (RPH, Th);
this involution fixes a point x and P(4,1) with normal bundle v* having w(v*) =
(1+0)*(1+c+ad)’{1+ 1er)z} Since i + 1+ a + b is odd, by direct computation

one has
c on P(4,1),
w0l _{ (4,1)

0 on *.

wF|pay) =1 +0)*(L+c+d){l + ——}
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If i is odd, since the characteristic class €™ 3=/ on * has nonzero value, one has

that
1

1+ 021+ e+ d{1+ 5%}

¢/ [RP(v*)] = [P(4,4)]

must be nonzero. This forces b to be odd, so on P(4,4), when multiplied by w[0]},

wl0] ~ (14 d)"H (1 + +ee)

14 e2
and
w02 ~ d.
Thus, one has that
wl0]} [0~ [RB(H)] = ' [P(4,1)] =1

but the value of w[0]}w[0]5e*~! on  is zero. This is a contradiction. Thus, i must
be even so a + b is even. -

Dualizing w(0]{ for (M7*!,T), one obtains an involution (X2** T) fixing P(0,1)
= CP* with k£ > 0 and with normal bundle vk|epi having w(v¥|cpi) = (14 d)°. The
involutions fixing CP* are well known and one has k = 2i and b = i + 1 with
(X2"%,T) being cobordant to (CP* x CP*, twist).

Returning to the involution (M7+1 T), from

wF puy) = (1+e)*(1+c+d)’{1+ _dd
P9, = (1+4d)?
cAd?
(1+ d)2}
= (1+o)*(I+c+d) ™ +d?(1+d)!

= (1+0)*A4c+ad) {1+

one has that the coefficient of d’ in w(uk|p(4’i)) is

4+ 1 , — 1
GRS

and since k = 2i, this must be 1, so @ = 3. Then the coefficient of d*~1 in w(v* |P4,i))

is

(2t1>(1+c)5+ (Z_;))c‘* - <zf1>(1+c)+{<24_r1> + (2—;1))}64'
Since (zﬁ) + (i:é) = (igl) + (igl) =1, one has that U}2i+2(Vk|p(4’i)) contains the
nonzero term c*d*~! so k > 2i + 2. This is impossible since k¥ = 2i. Thus one
concludes that ¢ = 3 is impossible, so ¢ must be 7 when h =6, i.e., h = ¢ — 1.

Combining the above arguments, one has that if ¢ > 1, then h = ¢ — 1 so
j+1=2i+k by the Fact in Section 1. This completes the proof of (1).

(2)—(4) follow from the following arguments. Consider the involution (MJ+h+1 T)
fixing RP/ with normal bundle "+ = (h + 1)¢ and P(h,4) with normal bundle *;
dualizing w[0]% gives an involution (M7+1=%+k T fixing RP/ with normal bundle
v! having w(v') = 1+a and P(0,i) = CP* with normal bundle of CP* being v/*|p:
with w(v*) = (14-d)®. Taking the union of (RP’** T,) and (MJ*', T'), one obtains
an involution (M7+! T) fixing a point and CP* with w(v*) = (1 + d)*. Royster’s
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argument [Ro] for involutions fixing a point and a real projective space also works
for fixing a point and a complex projective space to give

b=1.
Furthermore, one knows that a + 4 is odd and the possible values of k by [PS].
Writing ¢ = 2%(2v + 1) one has
u+1 : —
9<h< 2 +2 ifu=1,
Qutl if u# 1.

This completes the proof. O

Now one divides the argument into the following cases:

(I) v* is standard;

(IT) v* is nonstandard.

In the following discussions, one always assumes that (M779 T) fixing RP/
P(h,i) with ¢ > 1 satisfies (1)—(4) stated in Lemma 3.1.

(I) The case in which v* is standard. One is first concerned with the case in
which v* is standard. Then one can write

w(vF) = (14 ¢)*(1 +c+d).
Based upon the examples in Section 2, one has
Lemma 3.2. Ifqg > 1, then j+1=a+i+1 mod 24%" s0i+k =a+1 mod 24!,

Proof. Let x = j+1 mod 2% andy = a+i+1 mod 24!, Thenz < j+1 < m.
One claims that y < m. If i > 24, then m = h+2i 4+ k > 2i > 2471 > ¢ If i < 24
and a > 24, then wya (V) = (QZ'TQ)CQA*Q +c2"d+#0s0k>24+2and
m=h+2i+k>h+k>h+24>241 5y
Ifi<2%and a <24 theny=a+i+1and k> a+2, so
m=h+2i+k>i+k>i+a+1=y.
By direct compuations, one has
h
e AN

The argument proceeds as follows.
(D) Ifr<ytheny—(z+1)>0. When 0 <y — (z+ 1) < h, one has that

1+ )yt 1 .
= El + c§a+1 1+ 11 [P(hvl)]
— A P

i ,
= 1—+C[P(hal)]

=1



INVOLUTIONS FIXING RP°I U P(h, i), II 1301

but
(w0 -+ o) tem VRPQIT] = O RE
= (1+a)? " '[RP"]
0)
which leads to a contradiction. When h <y — (z + 1) < 24%1, one has that
(w0l + e)*Lem 2 [RP(+1)] %[RM
_ 7(1(110‘;; [RP"]
1
-1 + « [Rph]
=1
but
(wlo + o) ten RPN = U )
e P
= (Hgﬁ[ﬂh, i)]
A+l 1 _ " ‘
_ <2 2 v+ )chdl [P(h, )]

= 0

since 24! — 1~y =24t 2 (y—x—-1) <241 2 _h < h.

Thus, x < y is impossible.

(2) If x > y, in a similar way to (1), one may obtain that this case is impossible,
too.

Combining the above arguments, one has that z = y. Furthermore, one has that
i+k=a+1 mod 24*! by Lemma 3.1(1). O

Now, the argument is divided into the following three cases: (i) u =0 (i.e., 7 is
odd); (ii) w =1; (iii) u > 1.

(i) The case u = 0. If u = 0, then ¢ = 20+ 1 is odd , so a is even by Lemma
3.1(3). By Lemma 3.1(4), one has that k = 2 so a = 0 and w(v?) = 1+ c+d. Also,
since the Euler characteristic x(P(h,2v + 1)) =0 mod 2, one has

X(MITIHLY = Y (RP") + x(P(h,20 +1)) =1 mod 2.

By Lemma 3.2, one has (1+a)?2 = (1+a)/™ = (1+a)™ so (1+a)! =1 and
i+1=0 mod 24t On the other hand, for the involution (P(h, N“*), Tyit1),
take i = 2v + 1 with i + 1 = 0 mod 24%! and | = 1; then (P(h, N?"*2), T2u12)
has the fixed data RP" with w(r7t!) = (1 4+ @)™ = 1 and P(h,2v + 1) with
w@?) = 1+ c+d, so (M1 T) fixing RP" LI P(h,2v + 1) exists and it is
cobordant to (P(h, N?'*2), Ty2vi2) with 20 +2 =0 mod 247!, Thus one has
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Proposition 3.1. Suppose that (M7t'+1 T fizes RP! with w("1) = (14 a)*!
and P(h,2v + 1) with w(v*) = (1 +¢)*(1 + c+d). Then (k,a) = (2,0) and 2v +
2 =0 mod 24, Further, (M7+h+1 T) is cobordant to (P(h, N?"*2), Ty2ui2) U
(RP7HMHL T 40).

Note that from Proposition 3.1, (k,a) = (2,0) and 2v+2 =0 mod 24! means
a<?2andi+k=a+1 mod 24+
(ii) The case u = 1. If u =1 then ¢ = 4v + 2 is even so

X(Mj+h+1) _ X(R]P’j) +x(P(h,4v+2)) =1 mod 2

and k must be even. Further, by Lemma 3.1(4), 2 < k < 6. Also, by Lemma 3.1(3),
a is odd and by Lemma 3.2, a =3 mod 4if k=2or 6 and a =1 mod 4 if k = 4.
First, one cannot have a > 8. For a > 9, one must have A > 8 and a must have
a power of 2, 8 < 24 < h, in its 2-adic expansion. Then there is at least a nonzero
term w,(v*) with s > 6 in w(¥*) = (1 + ¢)%(1 + ¢+ d). This is impossible since
2<k<6.
Ifa=3 mod4 (ie., a=3or7), from

wl0]1 = c on P(h,4v + 2),
e e+a onRP,

dualizing w[0]7~2, the problem is reduced to determine the existence of the invo-
lution (M7+3, T fixing RP? with w(?) = (1 4+ «)® and P(2,4v + 2) with w(v*) =
1+e)(1+c+d) = (1+ )31+ c+d). Obviously, k = 2 is impossible, so k
must be 6. Note that j +1 = 2i + £k = 8v + 10 by Lemma 3.1(1). Taking the
union (M2 T) L (RP*"™'2 T3), one needs only to determine the existence of
the involution (M®12 T) fixing RP? with w(r8+10) = (1 4+ )31 = (1 4 «)?
and P(2,4v + 2) with w(¥®) = (14 ¢)3(1 + ¢ + d). From

[4] = {(1 + 021 + ¢+ dytvrs et Ueteiieetd) o p(y 4y 4 2),

1+e
(1+a)?(14e)8+5(1 + €% + a?) on RP?,

one has that

o on RP?.
When multiplied by w[4]; for w[4], one has that on P(2,4v + 2)
wid] ~ 1+ A +c+d)(1+e)(l+c+e)(l+c+e? +ce+d)
~ (1+d)*(1+c+et +cde+e*d+ ce* 4 cde® + e*d + cd®e + e*d?
+etd? 4 edPe + 2d® + eted? + eed® 4 e d® + d* 4 cd* + cdte + €*d*)

wid]y = {c on P(2,4v+ 2),

S0
wld]y ~ e* 4 cde + *d
and
W[A]goss ~ 1T 4 ced VT2 4 e2qt 2,
On RP?,
wl4] ~ (1 +a)(1 +e)***
S0

w[4]4 ~0
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and
w(4]gp46 ~ 0.
Therefore, one obtains that
wid1w[4]swd]se 6 [RP(™F10)] = 0
but

w(4)1w[4]aw([4]s,+6[RP(°)]
= c(e* + cde 4 2d)(e*d* T + ced? T2 4 2d* T [RP(10)]
(M +ed+ d)(dT + cd® 2 4 @20 12)
- 1+c)B3(1+c+d) [P(2,4v +2)
cd**TH(1 + cd + d)?
= P(2,40 42
ATl tera T &Av+2)
cd4v+1
= P(2,40 +2
Grotreral Biv+2)
Cd4v+1
= P(2,4v 42
(1+c)2(1+1;1c)[ ( )
Ad* T2 [P(2,4v + 2)]

=1

?

which gives a contradiction. Thus, there can be no involution (M"*8v+4++ T with
a =3 mod 4.

If a = 5, then k must be 4 and h > 4 so ¢* # 0. Since w(v*) = (1+¢)3(1+c+d) =
(14 ¢)% + (1 + ¢)°d, one has wg(v*) = c*d # 0, and thus k is more than 4. This is
a contradiction. Hence, a = 5 is impossible.

If a = 1, then k must be 4. In this case, if the involution (M"+8*+8 T fixing
RP**7 with w(v"*!) = (1+a)"*! and P(h,4v+2) with w(v?) = (1+¢)(14c+d)
exists, then the involution (M"+8v+8 T) fixing RP" with w(v3"+8) = (1 + )8 18
and P(h,4v+2) with w(v*) = (14¢)(1+ c+d) exists. By Lemma 3.2, one has that
w@tt8) = (14 )8 = (1 + )™ so 4v+4 =0 mod 24! and w(¥B+8) = 1.
Now one looks at the involution (P(h, N**+2+!) Thuui241), where [ is restricted
to 1 <1 < 3. Take | = 2; then (P(h, N**t%) Tyivta) has the fixed data RP"
with w(r8+8) = (1 + a)*** and P(h,4v + 2) with w(v*) = (1 + ¢)(1 + ¢ + d),
so (Mh+8v+8 T is cobordant to (P(h, N*'**) Tysvis). Further, one has that
(MP+8vH8 T fixing RP®TT with w(@"*!) = (1 + )"*! and P(h,4v + 2) with
w?) = (14 ¢)(1 + ¢ + d) exists, and is cobordant to (P(h, N¥+4) Txauta) U
(IRIPthBerS7 Th—i—l)-

Combining the arguments, one has

Proposition 3.2. Suppose (M7+th*1 T fires RP? with w(¥"*1) = (1+a)"*! and
P(h,4v + 2) with w(v*) = (1 +¢)*(1 +c+d). Then (a,k) = (1,4) and 4v+4 =0
mod 24%L. Further, (MI*h+1 T) exists, and is cobordant to (P(h, N4**+%), Tyavia)
L (}R[Ph-i-&)-i-fﬁ7 Th—i—l)-

Note that from Proposition 3.2, (a,k) = (1,4) and 4v+4 =0 mod 24! means
a<2%andi+k=a+1 mod 24+L.
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(iii) The case u > 1. Since u > 1, one has that i = 2“(2v 4 1) is even so a is
odd and

X (MIThHI=RF2i4ky — o (RPT) 4 (P(h,i)) =1 mod 2.
Thus k is even. - -
Consider the involution (M"2i+% T) fixing RP" with w(v? %) = (1+ )%tk =
(1+a)***! and P(h,4) with w(v*) = (14 ¢)*(1 + ¢+ d). Then one computes the
values of w[0]; and w[0]4. On P(h,q)

a+1\ 2 a+1\ 4 a\ .2
; +d cd (Tt + (5)cPd
= (1 h 1 i+1 1 ( 2 )C 4 2 .
w[0] = (14+¢)"(I+c+d) {1+ 1+ e2 (1+e)3 11t }
S0
wl0]; = ¢
and
w0]s = <a—;— 1) c?e? +de” + cde + <a1 1) ct+ <g> c?d+ c*d
+{< A >c2+d}{(‘“L )c2+d}+< A >c4+< +Z>czd
2 2 4 2
_ fa+1\ 5, a+1\ 4, h+1\ (fa+1\ 4, h+i+1\ 4
_(2>Ce+<4)c+ 2 2 J)OT 4 )C
+de? + cde + d?.
On RP",
w[O]—(1+a)h+1{(1+e)2i+<a+;+ 1>a2(1+e)2i2+(a +i+ 1) 04 (14e)% 44}
S0
wl0)1 = «
and
Cfa+1N 5o fati+l\ 4, (h+1\[fa+1\ 4 (h+1) ,
w[0]4(2>046+< 4 )a—i— 5 o J ()
Since

a+1 a+i+1 h+1 h+i+1) _
() () () o e

one may form the class

W= (a—; 1)w[0]§e2+ <a+i+ 1>w[0]411+ (h—; 1) (a—;l)w[oﬁ_’_ (hzlL 1)10[0]411
:{d62+cde+d2 on P(h,i),

0 on RP".

Now suppose that a > 2%. Then 2441 > ¢ > 2% g0 A > w.
If a < h, then one has k > a + 2, so

a—2"+2"2(v+1)=a—-2"+2i+ 2" =a+2i+2" <h+2i+k=m.
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Further, one has

(w[0]1 + e)a72”wiu(U+1)6m717a72i72“' [R]P(l/k)]
O e B
B (14 c)a(1 +c+d) ’
d2”(v+1) l14+c+d 2% (v4+1)—1 )
- P
24(v + 1) — 1 ¢2" v+
N 2uy 1+c

[P(h, )]
=1
but
(’U}[O]l + e)a72“'wiu(v+1)emflfa72i72“ [RP(V%Jrk)] =0,

which is a contradiction.

If a > h, then a > 24 50 wya o (VF) = (Q(QTQ)CQAH +c2'd £0. Thus 24 +2 <

k < 2+l This implies that u > A so u = A and
(1 + C)(L+’i+1 — (1 + C)a_2u+1.
Let z = a — 2% + 1. Then z < 2%. Since common(h, 2%t — x) > 2% one has that

h — common(h, 24+ —2) < h —2%. Let hg = min{h — common(h, 2% —z), . —1}.
Then

ho+ 22w+ 1) <h =2+ 22 (v 4+ 1) =h+2i+ 2" <h+2i+k=m
and

<h0 +2utl g

b ):1 mod 2.

Furthermore, one has

(w0l + e (¢ em=1—o 2"+ D [Rp( )|
(4 )(d + ed 4 d?)2 D) Pl
B (14c)(1+c+d) ’

d2u(v+1)(1 e+ d)gu(erl)fl )
= (E=r [P(h,1)]

Uy _ 2% (2041)
_ (2( ;i) 1)(5“%[13(]%@_)]
= (L4t =gl [P(n, )]

<h0 * 22“ - x) i [P(h, i)

=1

but
(U)[Oh + e)howiu(U+1)em717h072”+2(v+1)[R]P)(V%Jrk)] —0.

This is a contradiction. One has proved

Lemma 3.3. If u > 1 with g > 1, then a < 2“.
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Note that from Lemmas 3.2 and 3.3, one knows that i + k = a + 1 mod 241!
and a < 2% ifu>1. For 1 <u < A, since i + k =2ty +2%+k and a + 1 < 2¢,
one must have

k=2"4+a+1 and 2“7 (v 4+1)=0 mod 247

For u > A, one has k = ¢+ 1 mod 2411,

Now by Proposition 2.2 and Lemmas 3.1, 3.2 and 3.3, one sees that if u > 1 with
q > 1, and [ is replaced by a + 1 in (P(h, N*T), Tyitt), when X; < k < X, then
(MI+h+1=2i4htk T fixing RP" having w(v7t1) = (14 a)***+! and P(h,i) having
w(w®) = (1 +¢)%(1 + ¢ + d) exists, and is cobordant to

[k—2a-2 (P(h, Ni+a+1), Tritat1).
Thus one has

Proposition 3.3. Suppose (M7+t'+1 T) fizes RP? with w(v"*1) = (1+a)"*! and
P(h,2%(2v 4+ 1)) with w(v*) = (1 +¢)*(1+c+d) and u > 1. Then

(1) a is odd and a < 2%;

(2) k is even;

(3) 2¢(2v+1)+k=a+1 mod 24+
Further, when k is restricted to a range X1 < k < Xo, (MJTh*+1 T) erists and is
cobordant to

rk=20=2(p(h, N¥ @Dty P uiyrar ) U (RPPTRFL T ).
Now let us estimate the value X5. For this, consider
kazafz(P(h,Ngu(2v+1)+a+1)7TNQU,@,,H)MH)

fixing RP" having w(v?**) = (1 + a)"***t! and P(h,2"(2v + 1)) having w(v*) =
(14¢)*(14c+d) without assuming the condition 2%(2v+1)+k = a+1 mod 24+
When 1 < u < A, one has that h > 24 > 2% >a. If £k > 2%+ a + 1, then
h—2"+a+1+2"Pw+1)=h+2i+2“+a+1<h+2i+k.

Using the class 14 in the proof of Lemma 3.3, one has

0 = (w[o]l+e)h72“’+a+1wiu(U+1)6k72“’7a72([R]P>(Vk)]_’_[R]P)(VZZ'JH@)])
_ (e+c)h—2“+a+1(d62+Cde+d2)2“(v+1)ek—2“—a—2[RP(Vk)]+O
_ (1+C)h_2u+1d2u(v+1)(1—|—c_|-d)2“(“+1)_1[P(h,i)]
2% w+1)—1 (9 .
- ( o )d2 CoHD (14 ) [P(h, 1)
= d'[P(h,i)]
=1

)

which is impossible. Thus k& must be less than or equal to 2* + a + 1, so X5 <
2% + a4+ 1.

When A < u, one hasi+a+1=a+1 mod 24+, Let ag = common (h,a). Tt is
easy to see that ag is even, and ag < h and ag < a; in particular, (2u71;“+a0) =1

If k£ > 2ut! — b + ag, then

ap+ 2" (v +1) = ag 4+ 2i + 2" < h +2i + k.
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Using the class w4 in the proof of Lemma 3.3, one has
0 = (wo]y +e) i “THMTETRT T (RP(Y)] 4 [RE(v*)))
_ (e+c)a0(de2+Cde+d2)2“'(v+1)eh+k7a072“'+171[R]P)(Vk)]+0
= (14 )% @ (1 4 ¢ 4 ) D= P(h, )]
_ d2”(2v+1)(1 T 6)2“’717a+a0 [P(h, )]
_ <2u -1 L + a°> HdP(h, )]
= ]_7
which is a contradiction. Thus k& must be less than or equal to 2¥T! — h + ao =

2utt — (h — common (h,a)), so X < 24Ft — (h — common (h,a)).

(IT) The case in which v* is nonstandard. Now one considers the case in
which the exotic class may occur in w(v*). Thus h = 2,4 or 6. When h = 2, one
knows from [St1] that there are two kinds of possible exotic classes, i.e.,

2

14 cod
1+d

with 7 >1

and

1+ c*d® with i=3.
If i = 3 (i.e., i is odd), then k = 2 by Lemma 3.1(4), and the exotic class 1 + c2d>
cannot, occur in w(v*) when k = 2. Thus, if the exotic class occurs in w(v*), one
may write

(14 0)2(1+ ¢+ d){1 + £4 if h=2,
wh) = (1+0)*(1+c+d){1 + &% if h =4,
1+ )" +ct+d){l+ & + 29} if h=6.

First, one has
Lemma 3.4. If v* is nonstandard, then (h,u,k,a) = (2,1,4,1).
Proof. The argument proceeds as follows.
(A) When h =4, from
W) = (e (et dfl+ )
1+d?
cd?
1+d
= (1+o)*(I+c+d)+cHd®+d®+---+d)
one has wa;4(v*) # 0 so k > 2i + 4 (note that i > 2). However, k never exceeds
27 + 2 since

14+0)*Q+c+d)+

u+1 : _
9 <)< 2 +2 ifu=1,
R A ifu#1,
by Lemma 3.1(4). Thus, if h = 4, then there can be no involution with nonstandard
k
o,

(B) When h = 6, it is easy to see that ¢ must be even. In fact, if ¢ is odd, one
can obtain that k > 2 from the expression of w(v*). However, kK = 2 by Lemma
3.1(4). This is a contradiction. If 7 is even, then a is odd by Lemma 3.1 and &k must
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be even since x(M"*2+%) = 1. Now, the argument is divided into two cases: (i)
a=1 mod 4; (ii) a =3 mod 4.
(i) The case a =1 mod 4. One has that

w(l/k)

a ctd? 8d

(1+C) (1+C+d){1+m+1+—d4}

(4014 ctd)+(1+0)(1+eta-ob 4
o GETeTUT e T Ut ap

AP+ A+t Sd+S+ S

A+ +etd) + 1+ +etd—p—+ —7 3

4
(1+c)“(1+c+d)+c4(1+c)(1+c+d)+(1+c)(1+c+d)1+d2
C6 (36
e (1+a)3

4 6 4d 5d
1401 +ctd) +tA+e)(l+etd) + S retedte

1+d?
C6 C6
+1+d2 + (1+a)?
(I4+c)*(I+c+d) +c*(1+c)(l+c+d)
5 4 5 6
+
+ Cc +C C + C

1+d>  14d (1443

50 wai14(vF) # 0 and k > 2i + 4. However, k never exceeds 2i + 2. Thus, a = 1
mod 4 is impossible.
(ii) The case a =3 mod 4. One has

w(l/k)

a ctd? Sd
= (1+C) (1+C+d){1+m+1+—d4}
ctd? cSd
1+d2+(1+d)3
= 140 (I4+c+d)+(1+e)*1+c+d)d
ct cbd
1+d2+(1+d)3
= (1+0)*(I4+c+d)+1+e)*(1+c+d)dc
ct+ctd+cSd+bd cbd
1+d? (1+d)3
= (1+o)*(I4+c+d)+1+e)3(1+c+d)c
ct +c5d—|—06d+ cbd
1+d 1+d? (1+a)

= (1+0)*(A4c+d)+A+e)3*(1+c+d)

+(14+¢e)*(1+c+d)

+

Obviously, one sees that wa;y4 (l/k) contains the nonzero class c*d* so k > 2i + 4,
but k < 2i 4+ 2. This is a contradiction. Thus, a =3 mod 4 is impossible, too.
Thus, if h = 6, then there can be no involution with nonstandard v*.
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(C) When h = 2, one has
(3.2)
c2d
1+d
Write ¢ = 2%(2v + 1). One proceeds as follows.

If w =0 (ie., 4 is odd), then a is even and k = 2 by Lemma 3.1. To ensure
k =2, one must have a = 2, so w(v?) = (1 +¢)* (1 + c+d) +Pd=1+c+* +d.
Consider the involution (M?2*27+2 T) fixing RP? with w(r?1?) = (1 + a)?*2 =1
and P(2,i) with w(v?) = 1+ ¢+ ¢® + d. From

[0] = (1+c)2(1+c+Ad)i+1{1+1—je+‘1:i—+e§+---} on P(2,1),
(1+a)(1+e)% on RP?,

w(®) = (14 )*(1 +c+d){1 + b=+l +c+d) +c2d

one has that

¢ on P(2,1),
wloh = {a on RP?

and .
w[0]s = ce+ct+d+ (572 on P(2,i),
a? + e? on RP?,
S0
d+e*+ce+ (i+3)02 on P(2,1)
wlole e+ uwlO {0 on RP?,

Further, the value of the class

wl0]3 (w[0]2 + e* + w[0]7)’e
on RP? is zero, but its value on P(2,i) is nonzero. This is a contrdaction. Thus,
u = 0 is impossible.

If w > 0 (i.e., 7 is even), then a is odd by Lemma 3.1 and k¥ must be even. In
this case,

2 1
wh) = (14 (1 + e+ {1+ -2 }=1+(C‘+ )62+d+cd+<;)c2d+c2d.

1+d 2
So
a+1 62 a C2 c2
w[o] _J A+ +c+d) {1+ ( 21_262+d n (1idea)3 n (2)1+d; d L) en P,
(1+a)3{(1+e)? + (“TiT N a?(1 + e)?~2} on RP2.

One then has that

¢ on P(2,1),
ol = a on RP?

and
[0] (“3h) e + e*d + cde + d+ d* + ("51)d* on P(2,i),
w[0]y = ; ;
4 (241)64 + (a+;+1)62a2 on RP?.
If w > 1, one has
a+1\ 2 2 24 d 2d + d? P(2,1
w[0]4—{( 32+ Pt edet P+ & on P(2,i),

(a;rl)erzQ on RP?.
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Further, one has that the value of
wl0w[0]4e? 7

on RP? is zero, but its value on P(2,1) is nonzero. This leads to a contradiction.
Thus, v > 1 is impossible.

If u=1, then i =4v + 2 is even so a = 1 or 3 since i + a is odd by Lemma 3.1.
Also, one knows from Lemma 3.1(4) that 2 < k < 6. From (3.2), obviously, k = 2
is impossible so k = 4,6 since k is even by Lemma 3.1. The argument is divided
into the following cases.

(1) The case a =3. Fora=3,if k =4 then j+1=2i+k =8v+8=0 mod 4.
Thus, w(r/+1) =1 so

, , 1
JHRP(Y = — & [RP?| =
BRG] = o [RP = 0
but
STIRP(Y)] = w(llﬂ) [P(2,4v + 2)]
1
- L+ +c+d){l+ £ P2, 40 +2)]
1 2d
- {(1+c)3(1+c+d) PR +2)
- :i [P(2, 40+ 2)]
d4':r2
= Grogpel@Av+2)
- 1

This is a contradiction. If k = 6, then j+1 = 2i+k = 8v+10s0 w(rt1) = (1+a)?.
Also, one has that w(v*) = (1 +¢)?(1 + ¢+ d) + ¢d = 1 + d + cd. Now from

w[4] = A+c)2A+c+D)PH3{(1+e) +d(1 +e)?2 +cd(l +e)} on P(2,4v+2),
Tl +a)B3(14e)BO(1 4 €2 + a?) on RP?,

one has that

¢ on P(2,4v + 2),
with = {a on RP?.

In a similar way to the case in which ¥ is standard, when multiplied by w[4]; for
w[4], one has that on P(2,4v + 2)

wid] ~ 1+d)*" 1 +c+d)(1+e* +d+e*d+ cd + cde)
~ (1+d"™(1 +c+et +cde+ e*d+ cet + cde® + e*d + cd®e + 2d?
+etd® + cdPe + 2d® + eted® + e%ed® + *d® + d* + cd* + cdte + e*d*)

S0
wld]y ~ e* 4 cde + e*d
and
Wid]gors ~ 2dHL 4 ced®t? 4 212,
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On RP?,
wld] ~ (14 a)(1 + e)3*8
SO
wd]y ~ 0
and

w[4]gv+6 ~ 0.
Furthermore, one obtains that the value of
w[4l1w[4]sw[4]sv+e
on [RP(v8v+19)] is zero, but the value of this on [RP(/%)] is nonzero, which gives a

contradiction. Thus, a = 3 is impossible.
(2) The case a = 1. If k = 6, then w(¥’*!) = (1 + a)? so

T HHRP(/H)] = ﬁ[RPQ] =1
However, since a = 1, one has
68v+11 1/6 _ 1 .
e (I1+co)(1+c+d)(1+ m)[P(?A +2)]
1 c2d
= Groageral @+t P +2)
- (1—|—c)2(11+ L)[P(2a4v+2)]+0
d4v+2 e
= W[P(Z 4v + 2)]
d*2[P(2,4v + 2)]

= 0.
Thus, k£ = 6 is impossible, so k must be 4.
Combining the above arguments, one concludes that if v* is nonstandard, then
(hyu,k,a) =(2,1,4,1).
This completes the proof. O
Note that if v* is nonstandard, from Lemma 3.4 one must have (h,u,k,a) =
(2,1,4,1),s0 a =1<2=2"and
j+1=2i+k=8v+8=4v+4=i4+a+1 mod4
and
i+k=a+1 mod4.
Proposition 3.4. The involution (MIT"+1 T) firing RPT L P(h,2%(2v + 1))
with v* nonstandard exists if and only if (h,u,k) = (2,1,4) and w(v?) =
2
(1+o)(l+c+d)(1+£9).
Proof. By Lemma 3.4, it suffices to show that the involution (MJ*t"*1,T) fixing
RP/ U P(h,2%(2v0 + 1)) with v* nonstandard exists if (h,u,k) = (2,1,4) and
w?) = (1+c)(1+c+d)(1+ cd ). This is equivalent to showing that there exists

the involution (M7%3,T) fixing RP? with normal bundle 17*! having w(»/*+!) = 1
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and P(2,4v+2) with normal bundle v* having w(v*) = (1+¢)(1+c+d)(1+ fj_d )=
1+ +d+cd+cPd.

Now to do that one first needs to show that there is a bundle v* over P(2,4v+2)
with

S8

2

wr?) =1 +c)A+c+d)(1+ ¢ Y=0+c)}(1+c+d+ ).

1+d

For that (1 + ¢)? is the class of the 2-plane bundle 7 (the tangent bundle of RP?
pulled back to P(2,4v+2)) and (1+c+d+c?) is the class of a 2-plane bundle—the
strange tensor product 7 ® i described in [St1]. Thus v* =7 @ (7 @ ).
Next, according to [CF], one also needs to prove that RP(v/ 1) and RP(v?) are
cobordant in BZs, i.e.,
we, -+~ wp, € FETOTTE(RP(HY] + [RP(VY)]) = 0

for any ¢1,...,4, with {1 +---+ ¢, < j+ 2, where wy, = wy, (RP(v)). Note that
j+1=8v+8.

First, let us look at the total Stiefel-Whitney classes of RP(v*) and RP(17+1).
On RP(v*) one has

w(RP(v*))
=1+ A +c+d" B3 {1 +e)* + (P +d)(1+e)® +cd(l+e) + 2d}
=1+ A +ec+d)* PP+ +d+cd+ (e* + e + de* + cde + c*d)}.
According to Borel and Hirzebruch [BH], one knows that
e* + ?e? 4+ de? + cde + *d =0
SO
w(RP(v*)) 1+ )21 +c+d)™BA+c +d+cd)
L+ eI+ e+ d)™BA+c+d+c+c+cd)
(L4 ¢)*(1+c+ad)***
= (4¢3 +d")r.
On RP(1711); since w(v/*1) = 1, one has
wRP@T)) = (1 +a)*(1 +e) T = (1 + a)®(1 + %)

with €3*+8 = 0 by [BH].
One sees that if one writes the (-th Stiefel-Whitney class wy of RP(v%) as a
polynomial

pe(c, d),
then the /-th Stiefel-Whitney class w, of RP(1771) is of the form
pela,e?).
In particular, it is easy to see that for £ # 8¢,8t + 1,8t + 2,
pelc,d) =0, pe(a,e?) =0,
and for ¢ = 8t,8t + 1,8t + 2

1 1 1
v = (7)o (o ()
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and
oy (vFLY g (v+1) g (1Y 5oy
pg(a,e)—<t>e,<t e, , jaer
Since
1 1
wrt) (A4 e){l+c+d(l+c2)}
1
T (L e2{1 4 L)
1 4u+2
= — d*(1+¢)®
7D
(1+C) s=0
4uv+2
= st(l—l—c)s_Q,
s=0
one has
d4z Cd4z 62d4z
—1P(2,4 2)| = P(2,4 2)| = P(2,4 2) =1.
S lP@ A+ =0 SR+ 2] =0, (P +2)
Also,
1 21 o 27 a2 27 _
w(uj+1)[RP]7O’ w(VjH)[RP]fO, w(l/j_H)[R]P’]fl.

Thus, for any characteristic class of

w‘gl ce Wy

with 01+ -+ 4, <j+2=8v+9,
we, -+ we, & PETOTT T (RPWT)] + [RP(VY)]) = 0.
This completes the proof. O

Combining the discussions of this section, one completes the proof of Theorem
2.3.
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